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Abstract
Let X be a Riemann surface. Two coverings p1 :X → Y1 and p2 :X → Y2 are said to
be equivalent if p2 =’p1 for some conformal homeomorphism ’ :Y1 → Y2. In this paper we
determine, for each integer g¿ 2, the maximum number R(g) of inequivalent rami>ed coverings
between compact Riemann surfaces X → Y of degree 2; where X has genus g. Moreover, for
in>nitely many values of g, we compute the maximum number U(g) of inequivalent unrami>ed
coverings X → Y of degree 2 where X has genus g and admits no rami>ed covering. For the
remaining values of g, the computation of U(g) relies on a likely conjecture on the number of
conjugacy classes of 2-groups. We also extend these results to double coverings X → Y , where
Y is now a proper Klein surface. In the language of algebraic geometry, this means we calculate
the number of real forms admitted by the complex algebraic curve X . c© 2002 Elsevier Science
B.V. All rights reserved.
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1. Introduction
Let Y be a compact Klein surface. Two coverings 	1 :X1 → Y and 	2 :X2 → Y
of Y by compact Riemann surfaces X1 and X2 are said to be equivalent if 	2 = 	1’
for some conformal homeomorphism ’ :X2 → X1. The study of such coverings where
Y is orientable and unbordered, i.e., a Riemann surface (and their classi>cation up to
equivalence) is a classical problem of the theory of compact Riemann surfaces; see
[1,4,11–13,15,18–23] for example, where special attention has been paid to the case of
double coverings of hyperelliptic Riemann surfaces Y .
Similar, but inverse in some sense to the above, is the problem of studying coverings
of compact Klein surfaces by a given surface X . Two such coverings p1 :X → Y1 and
p2 :X → Y2 are said to be equivalent if p2 =’p1 for some conformal homeomorphism
’ :Y1 → Y2. These coverings have been investigated for the case where X is the
Riemann sphere and so Y is also the Riemann sphere, in [10,16,22]. Recently, see [6],
an upper bound for the number of inequivalent double coverings X → Y in terms of
the genus g of X , which is sharp for in>nitely many values of g, has been obtained
in case Y is a Riemann surface.
Let us explain the results of the paper. For a compact Riemann surface X , let
R(X ) (resp. U(X )) be the number of inequivalent rami>ed (resp. unrami>ed) double
coverings X → Y , where Y is a compact Riemann surface. We determine, in Section 4,
for each integer g¿ 2, the numbers
R(g)=max{R(X ): X has genus g};
U(g)=max{U(X ): X has genus g and R(X )= 0}:
More precisely, g can be written uniquely as g=1+ 2r−1u for some positive integers
r and u with u being odd. We show, Theorems 4.1 and 4.3, that
R(g)6 2r+1 − 1 and U(g)6 2r−1 − 1:
Moreover, these bounds are sharp for suOciently large values of u (relative to r). The
exact value of R(g) for the remaining values of g is calculated in Theorem 4.2, while
the corresponding result for U(g) relies on our unproved, but likely, Conjecture 3:3.
In the last section, we solve the same problem above in case Y is a proper Klein
surface. To be precise, for a given compact Riemann surface X , let R(X ) (resp.
U(X )) be the number of inequivalent double coverings X → Z where Z is a bordered
(resp. non-orientable and unbordered) compact Klein surface. We calculate for each
integer g¿ 2, the numbers
R(g)=max{R(X ): X has genus g};
U(g)=max{U(X ): X has genus g and R(X )= 0}:
In fact, R(g) was computed in [7], while we show in Theorem 5.4, that U(g)6 2r−1
and that this bound is attained if and only if u¿ r − 2. As in the classical case, the
calculation of U(g) for the remaining values of g relies on Conjecture 3:3.
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The results in Section 5 can be stated in terms of real forms of complex algebraic
curves. The interested reader is refered to [14,9] for a general presentation in this
topic. More concrete results concerning mainly the explicit computation of real forms
of some families of complex curves there appear in [24,5,8]. For such a complex
algebraic curve X , which can be seen as a compact Riemann surface, a real form of
X is the equivalence class, under R-birational isomorphism, of an algebraic function
>eld K in one variable over R such that K ⊗R C is the function >eld of X , i.e., the
>eld M(X ) of meromorphic functions of X . Not every compact Riemann surface X
admits some real form, but only those which are symmetric, i.e., those which admit
an antiholomorphic involution (a symmetry)  :X → X: In such a case, the quotient
Z =X=〈〉, can be endowed, see [2], with a structure of proper compact Klein surface
such that the natural projection X → Z is a double covering. Then, the >eld M(Z) of
meromorphic functions of Z is an algebraic function >eld in one variable over R, and
M(X )=M(Z)⊗R C. Moreover, the covering X → Z is rami>ed if and only if the set
Fix() of points in X >xed by  is non-empty, i.e., Z has non-empty boundary. Then
it is said that K =M(Z) has real points, because there exist homogeneous polynomials
with real coeOcients f1; : : : ; fr de>ning a projective and nonsingular complex algebraic
curve
X = {x∈Pn(C): f1(x)= · · ·=fr(x)= 0};
whose real zero locus
X (R)= {x∈Pn(R): f1(x)= · · ·=fr(x)= 0}
is non-empty (it is, in fact, homeomorphic to Fix()).
With the same notations, unrami>ed coverings X → Z correspond to non-orientable
and unbordered surfaces Z . Then X (R) is empty, and we say that M(Z) represents a
real form without real points.
This process can be reversed. Hence, the calculus of R(g) in [7] provides sharp
upper bounds for the number of real forms with real points of complex algebraic curves
of genus g. Our results in Section 5 provide sharp upper bounds for the number of
real forms without real points of complex algebraic curves of genus g which admit
no real form with real points. We also obtain some re>nements by combining our
computations with the results of [7].
2. Preliminaries
Let X be a compact Riemann surface of genus g¿ 2. By the Riemann uniformization
theorem [17], the surface X can be represented as a quotient X =H= of the upper
half-plane H under the action of a surface Fuchsian group , that is, a subgroup
of the group G=Aut(H) of automorphisms of H (viewed as a Riemann surface).
The group  is generated by 2g elements A1; B1; : : : ; Ag; Bg; such that the product of
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commutators [Ai; Bi] =AiBiA−1i B
−1
i is trivial:
= 〈A1; B1; : : : ; Ag; Bg | [A1; B1] : : : [Ag; Bg] = 1〉:
Such a group  is said to have signature (g;−).
If 	i :X → Yi is a double covering, then Yi =H=i for some Fuchsian group i
containing  as a subgroup of index 2. Also the automorphism group Aut(X ) of the
Riemann surface X is isomorphic to the quotient =, where  is the normalizer of  in
G. In particular,  contains i. Moreover, any other such covering 	j :X → Yj =H=j
is equivalent to 	i if and only if i and j are conjugate subgroups in , which holds
if and only if i= and j= are conjugate in Aut(X ). Of course, i== {id; i} and
j== {id; j}, say, and so the coverings (X; 	i; Yi) and (X; 	j; Yj) are equivalent if
and only if the involutions i and j are mutually conjugate in Aut(X ).
Hence to calculate the number of inequivalent double coverings X → Y , we must
count the number of conjugacy classes of involutions (elements of order 2) in Aut(X ).
Note also that by Sylow theory we may assume from the very beginning that Aut(X )
is a 2-group, generated by involutions (see [7]).
3. On conjugacy classes of involutions in 2-groups
We shall use in this paper the following lemma proved in [7]. Note that a group G is
said to be abstractly oriented if an epimorphism  : G → Z2 = {±1} (or equivalently
its kernel, a subgroup K of index 2) is speci>ed, and then an element g∈G is said
to be orientation preserving or orientation reversing depending on whether (g)=+1
or −1 (or equivalently, whether g∈K or g ∈ K).
Lemma 3.1 (Bujalance et al. [7]). A 2-group G which contains the cyclic group ZN
of order N as a (not necessarily normal) subgroup of index 2r has at most 2r+1 − 1
conjugacy classes of elements of order 2. Furthermore; if G is abstractly oriented
and a generator x of ZN preserves the orientation; then G has at most 2r conjugacy
classes of orientation-reversing elements of order 2.
As a consequence, we have the following:
Corollary 3.2 (Bujalance et al. [7]). A 2-group G which contains the dihedral group
DN as a subgroup of index 2r has at most 2r+2 − 1 conjugacy classes of elements
of order 2. Furthermore if G is abstractly oriented and two involutory genera-
tors of DN reverse the orientation; then G has at most 2r+1 conjugacy classes of
orientation-reversing elements of order 2.
Next, we will also need the following (which we believe is true but have not been
able to prove):
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Table 1
s m=2 m=3 m=4 m=5 m=6 m=7 m=8
2 3
3 3 7
4 3 7 15
5 3 10 15 31
6 3 13 21 31 63
7 3 15 36 43 63 127
8 3 19 41 73 87 127 255
Conjecture 3.3. Suppose G is a group of order 2s which can be generated by invo-
lutions. If the minimum number of involutions required to generate G is m=m(G);
and d is any positive integer such that (s− d− 1 + 2d)=2d−1¿m(G); then G has at
most 2s−d−1 conjugacy classes of elements of order 2. In addition; if G is abstractly
oriented; then G has at most 2s−d−1 conjugacy classes of orientation-reversing ele-
ments of order 2.
Empirical evidence in support of this conjecture is obtainable by using the MAGMA
system [3] and its database of groups of order dividing 256, to >nd the conjugacy
classes of elements in a 2-group of given small order and given rank. With regard
to the >rst part of the conjecture, the maximum numbers of conjugacy classes of
involutions in a group of order 2s generated by m involutions are summarised in
Table 1 (for 26 s6 8 and 26m6 s):
Note that the hypothesis (s−d−1+2d)=2d−1¿m=m(G) is equivalent to assuming
s¿ (m− 2)2d−1 +d+1. Hence if we de>ne !(m; d) for given positive integers m and
d by
!(m; d)= (m− 2)2d−1 + d+ 2;
then what we need to prove is that if s¿ !(m; d) then any group of order 2s which
can be generated by m involutions has at most 2s−d conjugacy classes of elements of
order 1 or 2.
This is relatively easy when d=1, for in this case s¿ !(m; 1)=m+1, so the group
cannot be elementary abelian, hence has an element of order 4 or more, and thus
by Lemma 3.1 has at most 2s−1 conjugacy classes of involutions. In particular, as
!(m; 2)=2m, this covers all cases in which m¡s¡!(m; 2)=2m.
Next if we can prove the assertion holds whenever s= !(m; d) for some d, then it
follows for all s. For if s= !(m; d) + 1, then suppose x is any central involution in G,
take N = 〈x〉 and consider the factor group G=N . This has order 2s−1 = 2!(m;d) and can
also be generated by at most m involutions, so if we know G=N has at most 2(s−1)−d
conjugacy classes of elements of order 1 or 2, then since each conjugacy class of G=N
is the image under the natural homomorphism G → G=N of at most two conjugacy
classes in G, it follows that the number of conjugacy classes of elements of order 1
or 2 in G is at most 2(2(s−1)−d)= 2s−d, as required. The same argument can now be
extended by induction for all s in the range !(m; d)¡s¡!(m; d+ 1).
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We have a proof of the >rst part of the conjecture also in the case where s= !(m; 2)=
2m, and indeed the maximum number of classes of involutions appears to be 22m−3 +
2m−1 + 1 for all m¿ 2 in this case. In particular, this shows the conjectured upper
bound of 2m−2 is too generous, but still provides additional evidence in support of it.
Also the second part of the conjecture can be proved for several classes of 2-groups,
and is certainly true for all groups of order dividing 256. A general proof, however,
eludes us (as well as a number of experts on p-groups whom we have consulted on
this matter).
4. Double coverings of Riemann surfaces by a given Riemann surface
In this section we keep the notation adopted above. We begin by studying rami>ed
coverings X → Y of degree 2, which correspond to conjugacy classes of involutions
in Aut(X ) that have >xed points. In this case Aut(X ) ∼= = where  is generated by
2g′ hyperbolic elements a1; b1; : : : ; ag′ ; bg′ for some g′, and t elliptic elements x1; : : : ; xt
for some t ¿ 0, subject to the de>ning relations
xmii =1 for 16 i6 t and [a1; b1] : : : [ag′ ; bg′ ] x1 : : : xt =1:
Such a group  is said to have signature (g′;mi; : : : ; mt), and its elliptic generators
x1; : : : ; xt have >xed points on X .
Theorem 4.1. Let r and u be positive integers with u odd and let g=1+2r−1u. Then
R(g)6 2r+1 − 1; and this bound is sharp if and only if u¿ 2r+1 − 5.
Proof. Let X be a compact Riemann surface of genus g. We may suppose that
Aut(X ) ∼= = is a group of order 2s generated by involutions, and as we are dealing
with rami>ed coverings, also suppose that  has signature (g′;mi; : : : ; mt) where t ¿ 0
and each mi divides 2s.
Clearly, X admits at most 2r − 1 coverings of the type in question if s6 r. So let
us assume that s¿ r + 1. By the Riemann–Hurwitz formula,
2s=
&()
&()
=
2g− 2
2g′ − 2 +∑ti=1(1− 1=mi)
and so
u=
g− 1
2r−1
= 2s−r
(
2g′ − 2 +
t∑
i=1
(
1− 1
mi
))
: (1)
As u is odd, there exists some index i such that mi =2l, where l¿ s − r. Hence
Aut(X ) ∼= = is a 2-group containing the cyclic group generated by the coset xi as
a subgroup of index 2s−l. By Lemma 3.1, Aut(X ) has at most 2s−l+1 − 1 conjugacy
classes of involutions, and in particular, this shows R(g)6 2r+1 − 1 as claimed.
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Now suppose this bound is sharp, and let X be a compact Riemann surface of genus
g such that R(X )= 2r+1 − 1. Then s¿ r + 1 and from (1) we >nd
g− 1=2s−1
(
2g′ − 2 +
t∑
i=1
(
1− 1
mi
))
¿ 2r
(
−2 + t
2
)
:
As elements of Aut(X ) with >xed points are conjugate to the images of powers of
the elliptic generators x1; : : : ; xt under the natural homomorphism  → =, while on
the other hand, conjugate elliptic elements of  give rise to equivalent coverings, it
follows that t¿ R(g). Consequently,
2r−1u= g− 1¿ 2r
(
−2 + t
2
)
¿ 2r
(
−2 + 2
r+1 − 1
2
)
=2r−1(2r+1 − 5)
and therefore u¿ 2r+1 − 5.
Conversely, suppose that u¿ 2r+1 − 5. Let  be a maximal Fuchsian group with
signature (0; 2; t: : :; 2), where t= u + 4, generated by elliptic elements x1; : : : xt each
of order 2. Let G=Zr+12 be the elementary abelian group of order 2
r+1, and de>ne
( :→ G to be the epimorphism induced by the assignment:
((xi)=
{
ui for 16 i6 2r+1 − 1;
u1 for 2r+16 i6 t;
where u1; : : : ; u2r+1−1 are the non-trivial elements of G.
As t is odd, it is easily checked that ( maps the product x1x2 : : : xt to the identity
element of G=Zr+12 , and so =ker ( is a surface group. Thus, G ∼= = acts as
the automorphism group of a compact surface X =H= of genus g, and obviously
contains 2r+1 − 1 non-conjugate involutions with >xed points.
Next, we shall >nd R(g) for the remaining values of g, namely those of the form
1+ 2r−1u where u¡ 2r+1 − 5. To do this, we consider the strictly increasing function
f(s)=
(2s − 5)2s
2r
for s¿ 1:
As f(2)¡ 0¡u while f(r + 1)¿ (2r+1 − 5)2¿u, there exists a unique positive
integer s6 r + 1 such that f(s− 1)¡u6f(s), that is,
(2s−1 − 5)=2r+1−s ¡u6 (2s − 5)=2r−s:
With s so chosen, the value of R(g) will depend on whether or not u is less than
(2s − 5)=2r+1−s, as shown below:
Theorem 4.2. Let r and u be positive integers such that u is odd and u¡ 2r+1 − 5;
and let g=1 + 2r−1u. Let s be the unique positive integer satisfying s6 r + 1 and
(2s−1 − 5)=2r+1−s ¡u6 (2s − 5)=2r−s. Then
R(g)=
{
2r+1−su+ 4 if (2s−1 − 5)=2r+1−s ¡u¡ (2s − 5)=2r+1−s;
2s − 1 if (2s − 5)=2r+1−s6 u6 (2s − 5)=2r−s:
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Proof. First, we will show that if X is a Riemann surface of genus g, having k
non-conjugate automorphisms 1; : : : ; k of order 2 with >xed points, then k is bounded
above by the appropriate expression for R(g) given above.
By Sylow theory we may assume that 1; : : : ; k generate a 2-group G, say of order
2t , where X =H= and G ∼= = for some  normalising  in G=Aut(H). Since
 has at least k elliptic elements, &()¿ 	(k − 4), and so by the Riemann–Hurwitz
formula,
4	(g− 1)= &()= |G|&()¿ 2t(k − 4)	
from which it follows that
k6 2r+1−tu+ 4: (2)
Now suppose (2s−1 − 5)=2r+1−s ¡u¡ (2s − 5)=2r+1−s. Then for t¿ s we have
k6 2r+1−su + 4 by (2), while also for t ¡ s we >nd k6 |G| − 1=2t − 16 2s−1 −
1=2s−1 − 5 + 4¡ 2r+1−su+ 4. Hence R(g)6 2r+1−su+ 4 for all u in this range.
On the other hand, suppose (2s − 5)=2r+1−s6 u6 (2s − 5)=2r−s. Then for t ¿ s
we have k6 2r−su + 46 2s − 5 + 4=2s − 1 by (2), while also for t6 s we have
k6 |G| − 1=2t − 16 2s − 1, so R(g)6 2s − 1 for all u in this range.
To complete the proof, let k =2r+1−su + 4 or k =2s − 1, depending on whether
u¡ (2s − 5)=2r+1−s or u¿ (2s − 5)=2r+1−s, and let  be a maximal Fuchsian group
with signature (0; 2; k: : :; 2), generated by k elliptic elements x1; : : : ; xk . Next let G=Zs2
be the elementary abelian group of order 2s. As 2r+1−su+ 46 2s − 1 precisely when
u6 (2s−5)=2r+1−s, we have k6 |G|−1 in all cases, and so there exists an epimorphism
( : → G such that the k elliptic generators x1; : : : ; xk of  are mapped into distinct
elements of G and their product is mapped to the identity. Letting =ker (, it follows
that G ∼= = acts as the automorphism group of the compact surface X =H= of
genus g, with k non-conjugate involutions having >xed points, so R(g)= k.
We now consider the analogous situation for unrami>ed coverings:
Theorem 4.3. Let r and u be positive integers with u odd and let g=1+2r−1u. Then
U(g)6 2r−1 − 1; and this bound is sharp if and only if u¿ (r − 3)=2.
Proof. Let X be a compact Riemann surface of genus g with R(X )= 0. We can
assume that X =H= and G=Aut(X ) ∼= = is a 2-group, say of order 2s, generated
by involutions. Since X does not admit rami>ed double coverings,  has no elliptic
elements, and so has signature (h;−) for some h¿ 1, with presentation
= 〈a1; b1; : : : ; ah; bh | [a1; b1] : : : [ah; bh] = 1〉:
By the Riemann–Hurwitz formula
2r−1u=(h− 1)|Aut(X )| (3)
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and as u is odd it follows that the order of Aut(X ) divides 2r−1. In particular, Aut(X )
has at most 2r−1 conjugacy classes of elements of order 2, and hence X admits at
most 2r−1 − 1 inequivalent double coverings.
Now suppose this bound is sharp, and let X be a compact Riemann surface such that
R(X )= 0 and U(X )= 2r−1 − 1. Then clearly |Aut(X )|=2r−1, and moreover, every
non-trivial element of Aut(X ) must be an involution and so Aut(X ) is elementary
abelian, isomorphic to Zr−12 . In particular, as Aut(X ) ∼= = is generated by the cosets
ai and bi (for 16 i6 h), of which there are at most 2h, it follows that 2h¿ r− 1,
and hence by (3) we >nd u= h− 1¿ (r − 3)=2.
Conversely, if 2u¿ r − 3, then we may take  to be a maximal Fuchsian group
with signature (h;−) where h= u + 1, and with presentation as given above, and let
G=Zr−12 . Given any epimorphism ( : → G=Zr−12 , the product [a1; b1] : : : [ah; bh]
will always be mapped to the identity element, so that =ker ( is a surface group
and then X =H= is a Riemann surface of genus g, having 2r−1 − 1 nonconjugate
automorphisms of order 2 without >xed points. Thus U(g)= 2r−1 − 1 if and only if
u¿ (r − 3)=2.
Remark 4.4. We do not know how to calculate U(g) if u¡ (r − 3)=2. However, we
are going to get the exact value of U(g) in this case if we assume the >rst part of
Conjecture 3:3. So let g=1+2r−1u with u odd and u¡ (r− 3)=2. By considering the
strictly decreasing function
f(t)=
r − t
2t−2
for 26 t6 r;
we note that f(3)= (r − 3)=2¿u while f(r)= 0¡u, and so there exists a unique
positive integer t6 r + 1 such that f(t + 1)6 u¡f(t), that is,
r − t − 1
2t−1
6 u¡
r − t
2t−2
:
Then, U(g)= 2r−t+1 − 1 provided the >rst part of Conjecture 3:3 is valid.
In fact, let X be a Riemann surface of genus g, having k non-conjugate automor-
phisms 1; : : : ; k of order 2, all without >xed points. We aim to show that k62r−t+1−1
(and that this bound is attainable).
By Sylow theory we may assume that 1; : : : ; k generate a 2-group G, say of order
2s, where X =H= and G=Aut(X ) ∼= = as usual for some  with signature (h;−).
The Riemann–Hurwitz formula provides the same equation as (3) in the proof of
Theorem 4.3.
Now if s6 r−t+1, then clearly k6 2s−16 2r−t+1−1 as required, so let us assume
that s¿ r− t+1. By the Riemann–Hurwitz formula we have h−1=2r−1−su¡ 2r−1−s
(r − t)=2t−2 = 2r−t+1−s(r − t), that is, h¡ (r − t)=2s+t−r−1 + 1. Rearranging this and
taking d= s+ t − r − 1, we obtain
2h¡
s− (s+ t − r) + 2s+t−r−1
2(s+t−r−1)−1
=
s− d− 1 + 2d
2d−1
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and then the >rst part of Conjecture 3:3 implies k6 2s−d − 1=2r−t+1 − 1 also in this
case.
Thus U(g)6 2r−t+1 − 1. To prove equality, take h=2t−2u + 1, let  be a max-
imal Fuchsian group with signature (h;−), and take s= r − t + 1 and G=Zs2. Since
u¿ (r− t−1)=2t−1, we have 2h=2t−1u+2¿ r− t+1= s. Hence there exists an epi-
morphism ( :→ G whose kernel is a Fuchsian surface group , such that X =H=
is a Riemann surface of genus g which admits exactly 2r−t+1 − 1 inequivalent double
coverings, all unrami>ed.
Remark 4.5. By Theorem 4.1, a Riemann surface X of genus g=1 + 2r−1u (where
u is odd) can admit up to 2r+1 − 1 inequivalent double coverings, if at least one
of them is rami>ed. This contrasts with the situation where X does not admit any
rami>ed covering, for then by Theorem 4.3 the surface X admits no more than 2r−1−1
inequivalent coverings in total—that is, less than a quarter of the previous number.
From the geometrical point of view, it is perhaps also surprising that Riemann surfaces
that do admit some rami>ed covering can admit many more inequivalent unrami>ed
coverings, and in fact sometimes almost as many as the bound given in Theorem 4.1,
as it is shown in the next example.
Example 4.6. Let g=1+2r−1u, where u ≡ 3 mod 4 and u¿ 2r−3. Let  be a maximal
Fuchsian group with signature (h; 2; 2; 2), where h=(u + 1)=4, and let G=Zr+12 with
generating basis {z1; z2; : : : ; zr+1} say. By the choice of h, we have 2h¿ r − 1, and so
there exists an epimorphism ( : → G which maps the 2h hyperbolic generators of
 to z1; z2; : : : ; zr−1, in some order, and maps the three elliptic generators x1; x2 and
x3 to zr; zr+1 and zrzr+1, respectively. Letting =ker (, we see that X =H= is a
Riemann surface of genus g which admits 2r+1 − 1 inequivalent double coverings. Of
these, exactly three are rami>ed, since only zr = ((x1), zr+1 = ((x2) and zrzr+1 = ((x3)
have >xed points, and hence the remaining 2r+1 − 4 inequivalent double coverings are
unrami>ed.
5. Double coverings of non-orientable or bordered Klein surfaces by a given Riemann
surface
For notational convenience, a non-orientable Klein surface or Klein surface with
boundary will be called a proper Klein surface, and in this section any such surface
will be denoted by Z . Here we shall deal with double coverings X → Z , where X is a
compact Riemann surface of genus g. Observe that such a covering is rami>ed if and
only if Z is bordered. As mentioned in Section 1, the results in this section can be
interpreted in terms of real forms of the complex algebraic curve associated with the
Riemann surface X .
The case of rami>ed coverings was solved in [7]. For the sake of completeness we
include here these results.
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Theorem 5.1 (Bujalance et al. [7]). Let r and u be positive integers such that u is
odd and g=1 + 2r−1u. Then R(g)6 2r+1; and this bound is sharp if and only if
u¿ 2r+1 − 3.
Remark. From the proof of the above theorem it follows that a Riemann surface X
admitting 2r+1 inequivalent rami>ed coverings X → Z , where Z is a proper Klein
surface, has also 2r+1 − 1 coverings X → Y where Y is a Riemann surface. The latter
is the maximum number of such coverings obtained in Theorem 4.1. Notice that in this
case X admits 2r+1− 1+2r+1 =2r+2− 1 inequivalent double coverings in total, which
is the maximum number of such coverings allowable by Lemma 3.1 and Corollary 3.2
(for a 2-group of order dividing 2r+1).
For the cases not covered by Theorem 5.1 we have
Theorem 5.2 (Bujalance et al. [7]). Let r and u be positive integers such that u is
odd and u6 2r+1−5; and let s be the unique positive integer satisfying s6 r+1 and
(2s−1 − 4)=2r+1−s ¡u6 (2s − 4)=2r−s. Then; for g=1 + 2r−1u;
R(g)=
{
2s if (2s − 4)=2r+1−s6 u6 (2s − 4)=2r−s;
2r+1−su+ 4 if (2s−1 − 4)=2r+1−s ¡u¡ (2s − 4)=2r+1−s:
(Note that for consistency with Theorem 4.2 above, we are using the variable integer
s here in place of the corresponding s− 1 in Theorem 4:5 of [7].)
We can express the above theorems in terms of real forms of a complex algebraic
curve as follows:
Corollary 5.3 (Bujalance et al. [7]). Let r and u be positive integers such that u is
odd; and g=1 + 2r−1u. Then the maximum number !(g) of real forms with real
points of a complex algebraic curve X of genus g is given by
!(g)=


2r+1 if u¿ 2r+1 − 3;
2s if (2s − 4)=2r+1−s6 u6 (2s − 4)=2r−s;
2r+1−su+ 4 if (2s−1 − 4)=2r+1−s ¡u¡ (2s − 4)=2r+1−s:
Concerning unrami>ed coverings we can prove:
Theorem 5.4. Let r and u be positive integers such that u is odd and let g=1+2r−1u.
Then U(g)6 2r−1; and this bound is attained if and only if u¿ r − 2.
Proof. Let G be a 2-group of automorphisms of a compact Riemann surface X such
that R(X )= 0, generated by the corresponding involutions. Since X does not admit
rami>ed coverings, X =H= and G ∼= -=, where  has signature (g;−) and - is
an non-Euclidean crystallographic (NEC) group with signature (h;−; [ − ]; {−}) for
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some h¿ 1. By the Riemann–Hurwitz formula, 2	|G|(h − 2)=4	(g − 1)=2r+1	u,
which implies that |G| divides 2r since G is a 2-group. By Lemma 3.1 (with N =2),
it follows that U(g)6 2r−1.
If this bound is achieved, then |G|=2r and h − 2= u, and G has no elements of
order greater than 2 (by Lemma 3.1), so G ∼= Zr2 . Moreover, since G is generated by
the (images of the) cosets ai (where a1; : : : ; ah are the generators of -), it follows
that h¿ r and so u¿ r − 2.
Conversely, if u¿ r − 2, we may take h= u + 2 and let - be a maximal NEC
group with signature (h;−; [ − ]; {−}), generated by a1; : : : ; ah say, take G=Zr2 with
generating basis {z1; : : : ; zr}, and let ( :-→ G be the epimorphism given by ((ai)= zi
for 16 i6 r and ((ai)= z1 for r + 16 i6 h. Then =ker ( is a surface group and
X =H= is a Riemann surface of genus g, with R(X )= 0 admitting 2r−1 inequivalent
unrami>ed double coverings X → Z where Z is a non-orientable surface without
boundary.
To >nd the exact values of U(g) for the remaining g, we have to rely on the second
part of Conjecture 3:3:
Remark 5.5. Let r and u be positive integers such that u is odd and let t be the unique
positive integer satisfying
(r − t − 1)=2t−16 u¡ (r − t)=2t−2:
If g=1 + 2r−1u and the second part of Conjecture 3:3 is valid, then U(g)= 2r−t .
In fact, let X be a Riemann surface of genus g, having k non-conjugate orientation-
reversing automorphisms 1; : : : ; k of order 2, all without >xed points. We aim to show
k6 2r−t (and that this bound is attainable). By Sylow theory we may assume that
1; : : : ; k generate a 2-group G, say of order 2s, where X =H= and G=Aut±(X ) ∼=
-= as usual for some NEC-group - with signature (h;−; [− ]; {−}).
Now if s6 r− t+1 then by Corollary 3.2 we have k6 2s−16 2r−t as required, so
let us assume that s¿ r−t+1. By the Riemann–Hurwitz formula, 2	|G|(h−2)=4	(g−
1)=2r+1	u and therefore h − 2=2r−su¡ 2r−s(r − t)=2t−2 = 2r−t+2−s(r − t), that is,
h¡ (r − t)=2s+t−r−2 + 2. Rearranging this and taking d= s+ t − r − 1, we obtain
h¡
s− (s+ t − r) + 2s+t−r−1
2s+t−r−2
=
s− d− 1 + 2d
2d−1
and then the second part of Conjecture 3.3 implies k6 2s−d−1 = 2r−t in this case also.
Thus U(g)6 2r−t . To prove equality, take h=2t−1u + 2, let - be a maximal
NEC group with signature (h;−; [− ]; {−}), and take s= r − t + 1 and G=Zs2. Since
u¿ (r − t − 1)=2t−1, we have h=2t−1u+ 2¿ r − t + 1= s.
Hence, there exists an epimorphism ( :- → G, whose kernel is a Fuchsian surface
group , such that X =H= is a Riemann surface of genus g which admits exactly
2r−t inequivalent double coverings of non-orientable Klein surfaces without boundary,
all unrami>ed.
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In terms of real forms of complex algebraic curves, Theorem 5.4 and Remark 5.5
can be rewritten as
Remark 5.6. Let r and u be positive integers such that u is odd and g=1+ 2r−1u. If
X is a complex algebraic curve of genus g which has no real form with real points,
then X has at most 2r−1 real forms without real points. This bound is sharp if and
only if u¿ r− 2. Further, if u¡r− 2 and the second part of Conjecture 3.3 is valid,
the maximum number of such forms is 2r−t , where t is the unique positive integer for
which (r − t − 1)=2t−16 u¡ (r − t)=2t−2.
Remark. From the proof of Theorem 5.4 it follows that a Riemann surface X admitting
2r−1 inequivalent unrami>ed coverings X → Z; where Z is a non-orientable surface
without boundary, has also 2r−1 − 1 inequivalent unrami>ed coverings X → Y , where
Y is a Riemann surface. This is the maximum number of such coverings obtained in
Theorem 4.3. This time, however, we can prove the converse as well.
Theorem 5.7. Let r and u be positive integers such that u is odd and g=1 + 2r−1u.
If X is a symmetric Riemann surface of genus g, and X admits 2r−1− 1 inequivalent
unramiFed coverings X → Y where Y is a Riemann surface, and no such ramiFed
covering, then X admits also 2r−1 inequivalent unramiFed coverings X → Z; where Z
is a proper Klein surface.
Proof. By Sylow theory we can assume that the group G=Aut+(X ) of orientation-
preserving automorphisms of X is a 2-group. From the proofs of Theorems 4.3 and 5.4
we deduce that G ∼= Zr−12 , and also that no two elements of G are conjugate in the full
automorphism group Aut±(X ) of homomorphic and antiholomorphic automorphisms
of X . Hence if ∈Aut±(X ) \Aut+(X ) is any orientation-reversing involution, then 
centralises every element of G, and it follows that every element of the form g with
g∈G is an involution. Accordingly X has 2r−1 orientation-reversing automorphisms
of order 2, and the theorem follows.
Next we have:
Theorem 5.8. Let r and u be positive integers such that u is odd and g=1 + 2r−1u.
If X is a compact Riemann surface of genus g, and there exists a double covering
X → Z where Z is a non-orientable surface without boundary, then the number of
inequivalent double coverings X → Z , where Z is a proper Klein surface, is bounded
above by 2r+1. Furthermore this bound can be attained whenever u¿ r − 2.
Proof. Let G be a 2-group of automorphisms of X generated by involutions. If the
orientation-preserving subgroup G+ acts without >xed points then using the notation
of the proof of Theorem 5.4, G ∼= -= where - is a group with signature (h;±; [ −
]; {(−); n: : :; (−)}) for some h¿ 0 and n¿ 0. By the Riemann–Hurwitz formula, 4	(g−
1)=2	|G|(h+ n− 2) where ∈{1; 2}, so that |G| divides 2(g− 1)=2ru, and hence
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|G| divides 2r because G is a 2-group. It follows that the number of conjugacy classes
of involutions of G is at most 2r − 1 in this case.
On the other hand, if some element of G+ acts with >xed points, then G contains
a cyclic or dihedral subgroup of index at most 2r , and so the number of conjugacy
classes of orientation-reversing involutions in G is, respectively, less than 2r+1 (by
Lemma 3.1) or at most 2r+1 (by Corollary 3.2).
Thus X has at most 2r+1 inequivalent double coverings X → Z; where Z is a proper
Klein surface, and this bound will be attained only in cases where G+ acts with >xed
points and G contains a dihedral subgroup of index 2r .
Now suppose u¿ r − 2. Let N =2t be any integral power of 2 dividing 2(u + 1)
such that 2(u+ 1)=N ¿r − 2, and then let s=2(u+ 1)=N + 2. Take an NEC group -
with signature (0;+; [− ]; {(N; 2; s: : :; 2)}), and let G be the direct product of a dihedral
group H ∼= DN of order 2N and an elementary abelian group K ∼= Zr2 of order 2r . Let
e and c0; c1; : : : ; cs+1 be generators for - satisfying the canonical relations c2i =1 for
06 i6 s+1, (c0c1)N =(cici+1)2 = 1 for 16 i6 s, and ec0e−1cs+1 =1. Also if x0 and
y0 are generating involutions for H , and {x1; : : : ; xr} is a generating basis for K , then
let a1; a2; : : : ; a2r+1 be representatives of all the conjugacy classes of involutions in G
which have odd length in {y0; x0; x1; : : : ; xr}, and assume that these are ordered so that
a1 =y0 and a2 = x0. Next, de>ne ( :- → G by setting ((e)= 1, ((c0)= ((cs+1)= a1
and ((c1)= a2, and choosing ((ci)∈{a3; : : : ; a2r+1} for 26 i6 s + 1 so as to make (
an epimorphism and ensure that ((ci) = ((ci+1) for 26 i6 s.
Observe that this is indeed possible since s¿ r + 1. Letting =ker (, we >nd
that X =H= is a Riemann surface of genus g having 2r+1 mutually nonconjugate
orientation-reversing involutions in its automorphism group.
Hence the bound of 2r+1 inequivalent double coverings is achievable when u¿ r−2.
Once again we can express this theorem in terms of algebraic curves:
Corollary 5.9. Let r and u be positive integers such that u is odd and g=1+ 2r−1u.
If X is a complex algebraic curve of genus g, then X has at most 2r+1 real forms.
Furthermore, this bound can be attained for u¿ r − 2.
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